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Abstract
In this essay some aspects of General Relativity in higher dimensions are reviewed. The work
presented draws a path within the wide landscape of higher dimensional black holes theory
towards a specific objective: understanding how the combination of extended black objects and
ultra-spinning rotation dynamics give rise to black hole topologies that depart from sphericity.
The discussion aims to offer a compromise between giving a reasonably wide picture of the
area of higher dimensional black holes, while at the same time going into detailed calculations
that make manifest the enhanced nature of General Relativity in d > 4.
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1 Introduction
1.1 Motivation
The study of General Relativity (GR) in higher dimensions has been a topic of intense research activity in
the recent years. One of the reasons why this is so is that, in the current paradigm of theoretical physics,
the study of Einstein’s theory of Gravitation in arbitrary d has a wide variety of applications. In the
following lines we cite and comment some of the most relevant ones. However, it is almost a century
ago that the idea of considering extra dimensions in GR started to pop into the intuition of theoretical
physicists. In the 1920’s, Kaluza and Klein tried to unify gravity and electromagnetism via the dimensional
reduction of five dimensional, pure-gravity GR with a compact extra dimension in the topology of the
spacetime, namely S1 [1, 2]. Although the theory turned out not to provide a full unification, GR and
specially its black hole solutions in spacetimes with compact extra dimensions are still a topic of interest
in theoretical physics. Nowadays, some of the most relevant applications of higher dimensional GR are
found in the following areas
• String Theory: Considered by many as a strong candidate for a fundamental theory of gravitation,
String Theory requires several extra dimensions. Furthermore, some of the most relevant achievements
towards the microstate description of black holes have been obtained in dimension larger than four,
see e.g. the work done by Strominger and Vafa in [3] in which the Bekenstein-Hawking entropy law
was recovered from a microscopic string theoretic description.
• Brane World models: It has been suggested [4] that our four dimensional universe is actually a
membrane embedded in a five dimensional, Z2-symmetric spacetime. While the Standard Model
fields are trapped in the membrane, gravity can access the bulk and fluctuate around the membrane.
Consequently, understanding GR in higher dimensions becomes a crucial issue when constructing
such braneworld models.
• AdS/CFT: Or more generally the gauge gravity dualities [5] provide, roughly speaking, a dictionary
between classical black holes in d dimensions and QFT’s in d − 1 dimensions without gravity.
Working in the gravity side of the duality, several achievements have been carried out towards
the understanding of aspects of QCD [6] and Condensed Matter Physics [7], among other results.
Furthermore, some extensions of the original AdS/CFT correspondence have been conjectured in
which classical d− 1 dimensional black holes living on the brane of the AdSd brane world are dual to
black hole solutions of the 1-loop-corrected Einstein equations [8]. Hence, a better understanding of
GR in, say d = 5, can lead to the understanding of the (effective) coupling between the gravitational
field and quantum matter in our 4-dimensional world.
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Although this applications provide more than enough reasons to work on the understanding of higher
dimensional GR, its study is also of intrinsic interest: in the heart of the interests of any theoretical
physicist there is always the desire of studying, probing and understanding a theory in its full glory
regardless of how close it is from resembling the real world. It is this general study what ends up providing
a precise definition of the sector of the theory that can describe the physical world, and what gives a deep
insight in the physics of such sector.
1.2 General Relativity in arbitrary dimensions
It turns out that GR is remarkably sensitive to the spacetime dimension, d. Here we shall take a brief tour
from d = 2 to d→∞ discussing how pure gravity (i.e. with no matter present and with Λ = 0) behaves in
each case according to GR.
If the purpose of GR is to describe the geometry of spacetime, then one of the minimal expressions of
the theory is its formulation in the two dimensional case in which there are only one ’time direction’ and one
’spatial direction’. Nevertheless, in such case the Gauss-Bonnet theorem tells us that the Einstein-Hilbert
action is a topological invariant: for a given spacetime topology, the vacuum field equations will be
identically satisfied for any metric tensor. The allowed gravitational fields are filtered out by the spacetime
topology rather than a dynamical equation, so the study of GR pure gravity in d = 2 is not of much
interest1. In d = 3 the Einstein-Hilbert action is no more a topological invariant, but the Weyl tensor is
identically zero [10]. Then so is the Riemann tensor in the absence of matter and cosmological constant.
It is not until d = 4 that the gravitational field can fluctuate in the strict vacuum. However, the so-called
no hair theorems tell us that the most fundamental objects of the theory, stationary black holes, are fully
determined by their mass and angular momenta (see, any of [10–12]). In d = 4, Hawking’s theorems [13]
on the horizon topology and horizon rigidity show respectively that i) black holes must be topological
2-spheres, and that ii) stationary black holes are also axisymmetric. Furthermore, there are very strong
arguments in favour of the dynamical stability of black holes in d = 4. As we will discover throughout this
essay, many of such features do not hold in d > 4. Actually, the fact that four dimensional black holes
are so constrained is a very special feature of d = 4. In particular, we will see that in d > 4 the horizon
topology constraints are less restrictive, allowing for topologies such as rings S1 × Sd−3 or even with
different connected components (stationary multi-black hole solutions). Regarding black hole uniqueness,
we will see in detail that it is explicitly broken in d = 5 and there are several reasons to expect a large
degeneracy of black hole solutions in d ≥ 6. In addition, the fact that now the horizon admits dimensions
that are "non-equally large" (for instance, a black hole S1 × S2 for which the length scale of the S1 is
much larger than that of the S2) turns out to result in a dynamical instability. Finally, if one considers
1However, it is a completely different story when Λ 6= 0 and quantum matter is considered. See, e.g. [9].
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the large d limit of GR it turns out that the theory becomes extremely simplified: black holes behave as
non-interacting particles that do not absorb or emit radiation of finite frequency [14].
The clear enhancement of features exhibited by solutions of higher dimensional GR can be argued to
be a consequence of three phenomena:
• Extended black objects: As we will see in the following section, in d > 4 GR admits black holes with
horizons with non compact spatial dimensions, or with some directions way larger than the others.
• New dynamics of rotation: In d = 4, stationary black holes can not rotate arbitrarily fast. Exceeding
certain bound in their speed of rotation results in a naked singularity. This is not the case when d ≥ 5:
black holes will be allowed to rotate arbitrarily fast and in different rotation planes simultaneously.
Actually, this difference on the dynamics of rotation could have been expected. For simplicity,
consider a delta function distribution of matter with support at the origin in d spacetime dimensions.
The associated Newtonian potential goes like
− GM
rd−3
. (1)
At the same time, since in any dimension rotation is defined within a plane, the so-called centrifugal
barrier goes like
J2
M2r2
(2)
and has no explicit dependence in d. It is manifest that the relation between this two terms will vary
significantly with d. Therefore, since the geodesic generators of the black hole horizons could be
orbits followed by massless particles, one expects the dimensional dependence of the balance between
the collapse and the centrifugal force to be also significant for black holes.
• Instability of extended black objects: it has been shown that extended black objects are unstable [15].
Then, when one of the directions of the horizon becomes much larger than the others this instability
enters into the game pushing the black hole towards more stable configurations.
The combination of the first two points allows one to (heuristically speaking) construct new black hole
shapes with contractible directions, and compensate the gravitational collapse via fast rotation. For
instance, it will be possible to construct a "donut black hole", and compensate the collapse of the contractible
circles through the centrifugal force originated by rotation in the plane of the donut. Although this way
of thinking might sound too simplistic, we will see that these heuristic arguments turn out to be very
accurate and sometimes even exact2.
2The remarkable difference, however, is that now it is the donut that would eat us, and not the other way around.
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1.3 Outline
The content of this work draws a curve within the wide landscape of higher dimensional GR towards the
achievement of a main objective: understanding how the combination of extended black objects and the
new rotation dynamics leads to the existence of black holes with new shapes and that do not have analogue
in d = 4. We will restrict to the vacuum with no cosmological constant. In section 2 we introduce the basic
concepts that will be needed throughout the essay: we briefly construct the simplest solutions of extended
black objects, the homogeneous black p-branes, and define the charges associated to an asymptotically flat
solution. Section 3 is devoted to study the non-upper-bounded rotation dynamics exhibited by the natural
extension of the Kerr solution to higher dimensions: the Myers-Perry black hole. The detailed calculations
are performed in the single-spin case, and the discussion is prolongated also to the general case of several
spins. Section 4 closes our study presenting the family of black rings with rotation along the plane of the
ring. Among other aspects, we study the thin ring mechanics and its resemblance to Newtonian strings,
and the connection between ’plump’ black rings to the single-spin MP black hole in d = 5.
Finally, we want to emphasise that, unfortunately, very interesting topics such as stability against
gravitational perturbations, solution generating techniques, the algebraic classification of solutions or the
effective blackfold theory (the latter being probably the analytic continuation of this essay) will only be
mentioned or not even present at all in this study, due to both timelike and spacelike constraints in the
realisation of the essay.
2 Basic Concepts: Conserved Charges and Extended Black Objects
2.1 Conserved Charges
In the vacuum with no cosmological constant, GR is extended to higher dimensional spacetimes in the
simplest way3,
I = 116piG
∫
ddx
√−gR. (3)
We will follow [17] to define the conserved charges of an asymptotically flat solution. Instead of considering
the Komar charges from their definition, we will identify the charges by inspection of the asymptotic field
of the solution. The idea is first to write down the far field created by matter present in a compact region
around the origin. Then, comparing this field to the asymptotic field of a solution, the charges can be
easily identified and related to the parameters of the solution.
Consider an energy momentum tensor Tµν compactly supported around the origin. The linearised
3Throughout this work we will use the same units and numerical factors as in [16]
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Einstein equations read [10,12]
∂ρ∂ρh¯µν = −16piGTµν . (4)
where h¯µν = hµν − 12hηµν and we have imposed the Lorentz gauge ∂ν h¯µν = 0. Instead of solving (4)
generally (see, e.g. [10]) and then approximate the field far from the source, we can follow a more
straightforward procedure. The field created far from the source by matter in a compact region around
the origin is the same as the field created everywhere by a new energy momentum tensor T˜µν ,
T˜00 = Mδ(x) +
1
2Iij∂i∂jδ(x) (5)
T˜0i =
1
2
(
I˙ij + Jij
)
∂jδ(x)
T˜ij =
1
2 I¨ijδ(x)
if we identify the constants M and Jij = J[ij] with the physical energy momentum tensor as
M =
∫
dd−1xT00, Jij = −2
∫
dd−1xT0[ixj] (6)
and Iij(t) with the second moment of the physical energy density
Iij =
∫
T00x
ixjdd−1x. (7)
A particularly neat justification of the use of T˜µν is given in appendix A of [18]. In our case it will be
enough to restrict to T˜µν with Iij = 0, which corresponds to matter localised in a very small region at the
origin. Plugging such T˜µν in (4), one can easily Fourier-transform at both sides (or use the fundamental
solution of the problem f = ρ) and invert the definition of h¯µν to get
ds2 = −
(
1− 16piG(d− 2)Ωd−2
M
rd−3
)
dt2 − 8piGΩd−2
xkJki
rd−1
dtdxi+ (8)
+
(
1 + 16piG(d− 2)(d− 3)
M
Ωd−2
1
rd−3
)
δijdx
idxj .
Without loss of generality, we can choose the spatial coordinates xi such that Jij takes a block diagonal
form, with N := bd−12 c block matrices
Ja
 0 1
−1 0
 Ja ∈ R, a = 1, ..., N (9)
plus a row and a column of zeros in the case of even d. The interpretation is clear: each Ja is the
angular momenta due to rotation in a plane (x2a−1, x2a). Organising the spatial coordinates in such planes
(x2a−1, x2a) and introducing the usual plane polar coordinates x2a−1 = ra cosφa, x2a = ra sinφa in each of
them, one gets (suspending momentarily the summation convention on a)
ds2 = −
(
1− 16piG(d− 2)Ωd−2
M
rd−3
)
dt2 − 8piGΩd−2
∑
a
Ja
(
ra
r
)2 dφadt
rd−3
+ (10)
+
(
1 + 16piG(d− 2)(d− 3)Ωd−2
M
rd−3
)∑
a
(dr2a + r2adφ2a).
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Let us now introduce another set of coordinates that will be convenient in several points throughout this
work. Consider the direction cosines µa := ra/r. These satisfy µ2a = 1 and µ2a + z2/r2 = 1 for d odd and
even, respectively4. Using them the metric reads
ds2 = −
(
1− 16piG(d− 2)Ωd−2
M
rd−3
)
dt2 − 8piGΩd−2
∑
a
Jaµ
2
a
dφadt
rd−3
+ (11)
+
(
1 + 16piG(d− 2)(d− 3)Ωd−2
M
rd−3
)(
dr2 + r2dα2 + r2
∑
a
(dµ2a + µ2adφ2a)
)
.
where α = z/r in the case of even d, and α = 0 for odd d. For a given asymptotically flat solution, we can
write the field in the asymptotical region and read off the mass and angular momenta via comparison with
any of (8), (10) or (11).
Finally, in order to perform meaningful comparisons between different black hole solutions it is
convenient to define appropriate dimensionless magnitudes. For that, we need to fix a scale where the
solutions live. The Riemann tensor in the vacuum is (equal to the Weyl tensor so it is) conformally
invariant; the scale must be set by a physical parameter of the solution. The most natural choice is to use
the mass M of the black hole, as defined in (8). Hence, we can follow [19] and define a dimensionless area
aH and spins ja as
jd−3a =
Ωd−3(d− 2)d−2
2d+1(d− 3) d−32
Jd−3a
GMd−2
, ad−3H =
Ωd−3
2(16pi)d−3 (d− 2)
d−2
(
d− 4
d− 3
) d−3
2 Ad−3H
(GM)d−2 , (12)
where Ωd is the area of a unit d-sphere. Then, for a given mass and dimension we can compare in a
meaningful way, for example, the relation aH(ja) of different solutions.
2.2 Schwarzschild-Tangherlini and Black p-branes
Here we obtain two basic solutions that will be relevant in several discussions throughout the essay.
Following the chronological order of the discoveries of four dimensional GR, we can start by generalising
the Schwarzschild solution to an arbitrary number of dimensions. We want it to be static and spherically
symmetric, so we can try with the form
ds2 = −f(r)dt2 + dr
2
f(r) + r
2dΩ2d−2. (13)
The interesting observation now is that in d dimensions the Newtonian potential ∼ h00 goes like (1).
It turns out that the naive substitution 1/r → 1/rd−3 in the function f(r) of the four dimensional
4Notice that, because of such constraint, (t, µa) is not a local chart. However, eliminating one direction cosine and using
instead, say r, one gets a well defined local chart (t, r, µ1, ..., µN−1), and similarly for the case d even. For convenience,
however, we will typically write the metric in terms of all the direction cosines.
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Schwarzschild solution provides the correct answer [20]
ds2 = −
(
1− µ
rd−3
)
dt2 + dr
2(
1− µ
rd−3
) + r2dΩ2d−2. (14)
The mass of this solution can be immediately read off
µ = 16piGM(d− 2)Ωd−2 . (15)
Now that we have a solution of the vacuum Einstein equations in arbitrary d, it is very simple to obtain a
solution in d+ p dimensions. Let (B, gd) be a vacuum black hole solution in d dimensions, and let (Rp, δ)
be the euclidean space in p dimensions. The (d+ p)-dimensional manifold B × Rp admits the metric
gd+p = pi∗Bgd + pi∗Rpδ, (16)
being piB and piRp the respective projections. In coordinates and in terms of line elements, we have
ds2d+p = ds2d(B) + δijdxidxj . (17)
Since both gd and δ are Ricci-flat (meaning Rab = 0), so is gd+p and consequently constitutes a vacuum
solution of GR in d+ p dimensions. This family of solutions are the homogeneous black p-branes. However,
in the case p = 1, (17) is referred to as a black string. Notice that, if the topology of (the spatial cross
sections of) the horizon of B is ΣH , then the associated homogeneous black p-brane has horizon topology
ΣH × Rp so it constitutes an extended black object. Since we already have a black hole solution in any
d ≥ 4 (14), black p-branes and consequently extended black objects exist in any dimension d + p > 4.
This fact is crucial for the development of the forthcoming discussions: black p-branes can be boosted,
bent, rippled and even fragmented so they provide a very versatile object with which one can guess and
approximate how a black hole of a certain shape might look like. In our case we will only bend and boost
black strings in order to construct the so-called five dimensional black ring solutions.
2.3 The Gregory-Laflamme instability
Although this essay will not deal with the study of the dynamic stability of black hole solutions, there is a
result that will be very relevant for our work and that we have already mentioned: when one direction
of the horizon becomes way larger than the others, then the black hole may become unstable against
gravitational perturbations. This kind of instabilities are commonly referred to as Gregory-Laflamme (GL)
instabilities [15]. Lets us give a glimpse of how these work.
One of the simplest cases in which one direction of the horizon is way larger than the others is the black
string constructed by adding a flat (and for the moment non compact) direction to (14), whit horizon radius
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rH . Although (14) itself has been shown to be stable against linearised gravitational perturbations [21],
in the black string the modes can now also propagate along the extended direction z, so that roughly
speaking they go like ∼ e−i(Ωt−kz). Similarly to any process of wave propagation, the equations of motion
establish certain dispersion relation Ω(k). It turns out that, according to such dispersion relation, when the
wave length of the propagation is larger than the Schwarzschild radius k < kGL ∼ 2pi/rH , then Im(Ω) > 0.
This means that such modes go like ∼ eIm(Ω)t so they constitute an instability because they grow with
time. One of the possible end points of such instability is that the string could end up fragmenting to give
rise to localised black holes. In particular, notice that the GL instability implies that circular black strings
with radius R > rH/2pi are unstable, as the circle is large enough to accommodate the unstable modes.
In such cases, a fragmentation of the string would produce localised Kaluza-Klein black holes. As a last
remark, one finds that for k = kGL the perturbations are static, i.e. do not exhibit time dependence. Since
these perturbations have nontrivial z dependence, they give rise to a rippled black string. Such black
strings are said to be inhomogeneous. In the case of black p-branes the same results hold for perturbations
propagating in an arbitrary direction k along the (i.e. tangent to) the p flat extra dimensions.
From all this discussion, what will end up being relevant for us is the fact that, when a black hole gets
deformed so that one of the directions is much larger than the others, perturbations can propagate along
the extended directions and GL instabilities pop into the game.
3 New rotation dynamics: The Myers-Perry Black Holes
The presence of extra dimensions allow for a richer set of configurations in the rotation regimes of the
black hole, including simultaneous rotation in different planes, and the existence of ultra-spinning regimes,
which do not exist in d = 4: recall that the unique stationary and axisymmetric black hole in d = 4, the
Kerr black hole [22], must satisfy 2a ≤ µ where µ is a mass parameter and a is proportional to the ratio
between the angular momenta and the mass. This upper bound in the speed of rotation is referred to as
the Kerr bound. In this section we will see that such bound is not necessarily present in the generalisation
to d > 4 of the Kerr solution: the Myers-Perry (MP) black holes [17]. The richness of such solutions
is wide, and since its discovery several aspects have been studied, such as its global structure, hidden
symmetries, stability, and more. In this section we will focus mainly on the novel features on the rotation
dynamics that are not present in d = 4.
3.1 The general MP solution
The MP solution describes spherical black holes rotating in, at most, N = bd−12 c planes. Although it
might be regarded as the generalisation of the Kerr solution to d > 4, the obtention of such solution is
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considerably more difficult than the ones presented so far. The solution with a single spin can be obtained
in a reasonable simple manner motivating an appropriate ansatz via educated guesswork, but the case
of multiple spins requires a deeper insight. The acute observation of Myers and Perry in [17] is that the
most natural way of extending the Kerr black hole to higher dimensions is to regard it as a Kerr-Schild
spacetime. In a Kerr-Schild spacetime local charts at every point exist such that
gµν = ηµν + hkµkν , (18)
being h a function and kµ := gµνkν a vector which is null wrt the Minkowski metric ηµν and, hence, also
wrt gµν . In other words, such class of spacetimes are given exactly by the "perturbations" around flat
space. The Kerr black hole in d = 4 belongs to this class of spacetimes, so an extension to d > 4 in the
form (18) is indeed a natural choice. A remarkable property of such spaces is that, with an appropriate
choice for the form of kν , the Einstein equations become linear and consequently easier to integrate.
In the following we briefly sketch the procedure in [17] towards the obtention of the general MP solution.
The first step is to write the metric in the form (18) for an undetermined function h, and propose a vector
kµdxµ which has a similar form to that of Kerr when written in the Kerr-Schild gauge. Organise the
spatial coordinates in pairs as (xi, yi) := (xi, xi+1) with the last coordinate unpaired in the even case,
where i runs from 1 to N , and for even d, z := xd−1. Then, assuming summation (here and henceforth)
over i whenever it is repeated, the choice for kµ is
kµdxµ = dt+
r(xidxi + yidyi)− ai(xidyi − yidxi)
r2 + a2i
(d odd) (19)
kµdxµ = dt+
r(xidxi + yidyi)− ai(xidyi − yidxi)
r2 + a2i
+ zdz
r
(d even)
where ai ∈ R and r(xi, yi) is a function that is fixed implicitly by the condition 0 = ηµνkµkν . After some
manipulation, such condition reads
xi
2 + yi2
r2 + a2i
= 1 (d odd), x
i2 + yi2
r2 + a2i
+ z
2
r2
= 1 (d even). (20)
We have reduced the problem to determining a single function h. Choosing an appropriate rigid, null
tetrad (i.e. a tetrad such that the metric components are constant and at least one basis vector is null)
one can compute the vacuum Einstein equations Rαβ = 0 5 using the Cartan structure equations and solve
them for h. We refer the reader to Appendix A in [17] for the (very long) explicit calculations. In terms of
the analogue of the direction cosines introduced in the previous section, the general MP solution reads
ds2 = −dt2 + (r2 + a2i )(dµ2i + µ2i dφ2i ) +
µr2
ΠF (dt− aiµ
2
i dφi)2 +
ΠF
Π− µr2dr
2 (21)
5Throughout this work, we use latin characters as abstract indices, late greek alphabet indices to label components in
coordinate basis and early greek alphabet indices to label components in tetrad basis.
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for d odd, and
ds2 = −dt2 + r2dα2 + (r2 + a2i )(dµ2i + µ2i dφ2i ) +
µr
ΠF (dt− aiµ
2
i dφi)2 +
ΠF
Π− µrdr
2 (22)
for d even. In both cases µ is a real parameter,
F (r, µi) = 1− aiµ
2
i
r2 + a2i
, Π =
N∏
i=1
(r2 + a2i ) (23)
and the coordinates satisfy the usual constraint µ2i = 1 or µi + α2 = 1 for d odd or even, respectively. For
the asymptotic limit r →∞ the solution becomes,
ds2 =−
(
1− µ
rd−3
)
dt2 − 2 µ
rd−3
aiµ
2
i dφidt +
(
1 +O
( 1
rd−3
))(
dr2 + r2(dµ2i + µ2i dφ2i ) + r2dα2
)
(24)
with α = 0 in the case d odd. Hence, the physical mass and angular momenta are given by
M = (d− 2)Ωd−216piG µ, J =
2
d− 2Ma. (25)
Finally, it is interesting to mention that Kerr-Schild vacuum spacetimes (and, hence, MP black holes) are
algebraically special spacetimes for d ≥ 4 being precisely kµ a multiple Weyl-aligned null direction (WAND)
which, in addition, turns out to be geodesic [24]. However, unlike in the d = 4 case, the congruence of
integral curves of kµ is not shear-free. Unfortunately, in this work we will not deal with the algebraic
classification of GR solutions in higher dimensions.
3.2 MP Black Holes with a single spin
In order to capture the essence of the new qualitative behaviour of rotation in d > 4, we will start with the
case of a black whole with a single spin in an arbitrary number of dimensions. In order to put the solution
in a familiar way we will use a new set of coordinates. It is convenient to define them first in flat space.
Consider inertial coordinates (t, x1, ..., xd−1). Now organise them into two sets, a plain of rotation (x1, x2),
and the remaining ones (x3, ..., xd−1). Introduce polar coordinates (r1, φ) in the plane via x1 = r1 cosφ
and x2 = r1 sinφ, and spherical coordinates (r2, χ1, ..., χd−4) (centred in certain spatial 2-surface) for the
rest of the space. Now define an "axial" coordinate θ that controls the projection of r into the plane of
rotation and the direction specified by {χ}6,
r1 = r sin θ, r2 = r cos θ. (26)
Eliminating r1 and r2 with r and θ flat space reads
ds2 = −dt2 + dr2 + r2(dθ2 + sin2 θdφ2) + r2 cos2 θdΩ2d−4. (27)
6Notice that θ lives in (0, pi/2) rather than (0, pi) which indicates it is not strictly speaking an axial angle. The reason for
this is that now r2 = r cos θ must remain positive.
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Under the appropriate coordinate transformation, (21) and (22) read
ds2 =− dt2 + µ
rd−5Σ(dt− a sin
2 θdϕ)2 + Σ∆dr
2 + Σdθ2 + (r2 + a2) sin2 θdϕ2 + r2 cos2 θdΩ2d−4 (28)
with
∆(r) = r2 + a2 − µ
rd−5
, Σ = r2 + a2 cos2 θ. (29)
For vanishing µ and a, (29) becomes (27). Consequently, surfaces of constant r are topological (d− 2)-
spheres.
3.2.1 Ultra-spinning Black Holes
For the moment, the MP black hole (28) looks very similar to the Kerr black hole. The new remarkable
properties arise from the explicit dependence on d. As one would expect from comparison to its four
dimensional counterpart, (28) exhibits an event horizon at the largest real root (if any), rH , of the equation
∆(rH) = 0 [17]. Then, the topology of the horizon is automatically Sd−2. Let us now study when (28)
presents a regular horizon. Explicitly, ∆(rH) = 0 reads
r2H + a2 −
µ
rd−5H
= 0. (30)
First of all, notice that such equation has no solution in r > 0 if µ < 0. From the study in [17], curvature
singularities occur at r ≤ 0. Then, in order to avoid naked singularities we will restrict ourselves to µ > 0.
For d = 5, (30) is solved exactly by rH =
√
µ− a2 and we are again in front of a Kerr bound: if a > √µ
the solution in nakedly singular. If a = √µ we will see that the "transverse (d− 4)-spheres" of the horizon
shrink and get zero area leading again to naked singularities. For d ≥ 6, (30) always has a solution in
r > 0 for all µ > 0 and for all a, due to the divergence as r → 0 of dimensional dependent term −µ
rd−5 . In
other words, there is no upper bound in the angular momentum for any µ > 0. Conventionally, black hole
solutions living in the region of the parameter space in which a µ are called ultra-spinning.
For many reasons that will become clear throughout this work, it is interesting to study the behaviour
of the horizon area in the different rotation configurations. For the moment we just have a single spin so
this reduces to obtaining the curve aH(j). After some straightforward manipulation, the pull back of the
metric on (the spatial cross sections of) the horizon reads
ds2H =
(
r2H + a2
)2
r2H + a2 cos2 θ
sin2 θdφ2 + (r2H + a2 cos2 θ)dθ2 + r2H cos2 θdΩ2d−4 (31)
where we have used (30). The area of the horizon can now be computed as7
AH =
∫ 2pi
0
dφ
∫ pi/2
0
dθ
∫
dΩd−4rd−4H cos
d−4 θ
(
r2H + a2
)
sin θ = 2pi
(
r2H + a2
)
d− 3 r
d−4
H Ωd−4 (32)
7Recall from the discussion about (27) that θ is not a standard axial coordinate, and its range goes from 0 to pi/2 only.
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where dΩd−4 is the volume element on the unit round (d − 4)-sphere, and the last integral indicates
integration along the full space of d − 4 angles {χ}. This is a particularly convenient way of writing
the area for our following discussion, but an alternative form is obtained using the recurrence relation
Ωd−1 = d2piΩd+1,
AH = rd−4H (r2H + a2)Ωd−2. (33)
In order to obtain aH(j), one could try to write AH as an explicit function of a, and then just use (25) and
the definition of j. In our case this is not possible as we can not solve explicitly (30) for rH(a). However,
we can solve if for a(ν), being ν := rH/a a dimensionless parameter,
a = µ
1
d−3
(
ν5−d
ν2 + 1
) 1
d−3
. (34)
Hence, the area can be written explicitly as a function of ν, AH(ν). Now it is just a matter of going
through the definitions to get aH(ν). Following a similar procedure one obtains j(ν), and aH(j) can be
given in parametric form,
ad−3H =8pi
(
d− 4
d− 3
) d−3
2 Ωd−3
Ωd−2
ν2
1 + ν2 , j
d−3 = pi
(d− 3) d−32
Ωd−3
Ωd−2
ν5−d
1 + ν2 . (35)
It is important to identify the different regimes of rotation along the parameter space 0 < ν <∞. Looking
at j(ν), we observe that for d ≥ 6 the ultra-spinning solutions are located at ν → 0, while the static
solutions with j = 0 are recovered as ν → ∞. The area at ν → ∞ becomes that of the Schwarzschild-
Tangherlini black hole, while in the ultra-spinning regime ν → 0 it decreases as ∼ ν 2d−3 . That is, increasing
the spin an infinite amount would produce the net effect of ’shrinking’ the black hole to zero area. For
d = 5 the static regime is also recovered as ν →∞, and in such case the area approaches the spherically
symmetric value. However, regarding the fast rotation regime, we see that j(ν) is monotonically decreasing
with a global maximum at ν = 0, as a consequence of the Kerr bound. In such case, the area vanishes,
aH(0) = 0, so the horizon is pathological when the Kerr bound gets saturated. The significant difference
with the case d ≥ 6 is that now it takes only a finite amount of spin to make the black hole shrink to null
area. The content of this discussion is encoded in Figure (1).
3.2.2 Horizon geometry in the ultra-spinning regime
There are other more subtile features of the MP black holes that are not present in four dimensions. In this
section we are interested in two of them. First, in d = 4 the horizon area of the Kerr black hole decreases
for increasing rotation, but it is always nonzero and larger than the area of the maximally rotating case,
AH ∼ µ2. The second feature is that the Kerr black hole is always confined within a finite radius in the
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Figure 1: Curve aH(j) for d = 5 (black) d = 6 (gray).
rotation plane. Let us give a more precise notion of this. Consider a single-spin MP black hole with
horizon geometry given by (31). We define the confinement radius as
R
(d)
pi/2 :=
l
(d)
pi/2
2pi , (36)
where l(d)pi/2 is the proper length of the equator line of the horizon in the plane of rotation
8, and d is the
spacetime dimension. For the Kerr black hole we have that R(4)pi/2 ≤ µ, which gets saturated at the Kerr
bound. That is, the black hole is always confined within R(4)pi/2 = µ, and the ’centrifugal force’ can not
’pancake it’ more than that.
In d > 4, both properties mentioned above are violated in different ways. Let us start with the area. In
d = 5, AH strictly vanishes when the spin reaches the Kerr bound, and in d ≥ 6 it can get arbitrarily close
to zero for arbitrarily large spin. A first hint towards understanding this new behaviour can be extracted
writing the horizon area in the form
AH =
(
2pi
(
r2H + a2
)
d− 3
)(
rd−4H Ωd−4
)
. (37)
We observe that AH has two contributions: the first factor in (37) is a Kerr-looking one, while the second
one is exactly the area of a (d− 4)−dimensional round sphere of radius rH . In the fast rotation regimes
8That is, the length of a closed loop tangent to ∂φ with θ = pi/2 and χ constant.
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(that is, a→ √µ for d = 5 and a→∞ for d ≥ 6) we learn from (30) that rH becomes
rH =

√
µ− a2 d = 5
∼
(
µ
a2
) 1
d−5 d ≥ 6
, (38)
so rH vanishes identically at the Kerr bound in d = 5, and converges to zero for d ≥ 6 as a→∞. Hence, it
is the second ’spherical’ factor in (37) that makes AH vanish and decrease arbitrarily in d = 5 and d ≥ 6,
in the respective fast rotation regimes. This suggests that, while the area of the Kerr factor "parallel" to
the rotation plane remains finite, the area of the "transverse" (d− 4)-dimensional spheres of the horizon
goes to zero. This point of view about the horizon area was first studied in [23] for d ≥ 6. Here we follow
their discussion, but also including d = 5 and studying the behaviour of the confinement radius (36). First
of all, notice that rH has no physical meaning as it is not intrinsically-defined, so we have to reformulate
the notions of transverse and parallel areas in an invariant form. We define the parallel area A‖ as the
area of a section χ = χ0 of the horizon, where χ0 are d− 4 cosntants. Using (31) we have
A‖ =
∫ 2pi
0
dφ
∫ pi/2
0
dθ(r2H + a2) sin θ =
1
2(r
2
H + a2)Ω2. (39)
Notice that in d = 5 the parallel area is
A‖ =
1
2µΩ2 (40)
so it is independent of the spin a. Now define the transverse area A⊥ as the area of a section θ = θ0 and
φ = φ0 of the horizon, being θ0 and φ0 constants. Again using (31),
A⊥ =
∫
dΩd−4rd−4H cos
d−4 θ0 = (rH cos θ0)d−4 Ωd−4. (41)
Let us now study the behaviour of these magnitudes in the fast rotation regime. From (38) we see that in
such regime ν = rHa  1 for both d = 5 and d ≥ 6. Then, the different areas defined above become
A‖ ∼ a2, A⊥ ∼ rd−4H , AH ∼ a2rd−4H . (42)
This confirms our prediction: the area of the transverse spheres A⊥ vanishes identically in the Kerr bound
for d = 5, and can become arbitrarily close to zero for d ≥ 6 in the ultra-spinning regime. Regarding A‖,
we see that in d ≥ 6 it can become arbitrarily large as a→∞. As pointed out above, in d = 5 the parallel
area is given by (40) for all a, so it remains finite also in the Kerr bound. In addition, notice that the first
two equations in (42) provide a length scale for the parallel area `‖ = a and the transverse area `⊥ = rH
respectively, and they give the expected scale for the total area AH ∼ `2‖`d−4⊥ .
In d ≥ 6 we can give an heuristic interpretation of these results: in contrast to what happens in d = 4,
now the centrifugal force can pancake the black hole infinitely along the plane of rotation. For d = 5,
however, the fact that A‖ remains finite suggests that the black hole can not be infinitely spread along the
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plane of rotation. Rather surprisingly, that is not the case. To see this, compute the confinement radius
for any d,
R
(d)
pi/2 = a
(ν2 + 1)
ν
, (43)
where recall ν = rH/a. Although (43) does not show explicit dependence in d, the range in which ν lives
is different for d = 4 and d ≥ 5: for d ≥ 5, we have 0 < ν <∞ as can be deduced, for example, from (38).
However, in d = 4
ν = µ2a +
√(
µ
2a
)2
− 1 (44)
so in this case 1 < ν <∞. Studying R(d)pi/2 in the fast spinning regimes (ν → 0 and ν → 1 for d ≥ 5 and
d = 4 respectively), we get
R
(d)
pi/2 →

µ d = 4
∞ d ≥ 5
. (45)
Nothing is surprising for d = 4 and d ≥ 6, as the parallel areas are finite and infinite respectively in the
fast rotation regime. For d = 5, however, although the parallel area remains always finite, close to the
Kerr bound the black hole is spread infinitely along the plane of rotation, according to (45). In other
words, it approaches the shape of an extended black object like in the case d ≥ 6, but now the spin only
has to be increased by a finite amount. Finally, it is worth nothing to generalise the definition of the
confinement radius now allowing the ’axial’ angle θ0 to take different values other than pi/2: denoting l(d)θ0
the proper length of a closed loop with tangent ∂φ and θ = θ0, χ = χ0 we define R(d)θ0 := l
(d)
θ0
/2pi. Using
(31) it is immediate to get
R
(d)
θ0
= a(1 + ν2) sin θ0√
ν2 + cos2 θ0
. (46)
Plotting R(d)θ0 /`‖ as a function of θ0 for different values of ν gives a visual picture of how the shape of the
black hole varies in different regimes of rotation. The results are shown in Figure (2).
A nicer way of visualising how the black hole’s shape behaves is via an isometric embedding9. Assume
we have a 2-dimensional riemannian manifold H with metric tensor field g. Consider the 3-dimensional
euclidean space E3, with euclidean metric δ. Then, H can be isometrically embedded in E3 if there exists
an embedding Φ : H −→ E3 such that
Φ∗δ = g. (47)
We want to embed the sections of constant χ of the event horizon (31) in E3. In coordinates (θ, φ), the
geometry of such sections reads
ds2H =
(
r2H + a2
)2
r2H + a2 cos2 θ
sin2 θdφ2 + (r2H + a2 cos2 θ)dθ2. (48)
9The part of this section having to do with isometric embeddings has been added to this essay for completeness after
handing it in for evaluation during Part III. It was not part of the original version.
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Figure 2: Relation R(d)θ0 /`‖(θ0) for spherical symmetry (maroon), and subsequently decreasing values of ν for
decreasing darkness of the lines. The Kerr bound in d = 4 corresponds to the flattest line, with ν = 1.
Since gµν in (48) do not depend on φ, we can try with an embedding of the form
x(θ, φ) = f(θ) cosφ, y(θ, φ) = f(θ) sinφ, z = h(θ) (49)
for some functions f(ξ) and h(ξ), where (x, y, z) are the standard euclidean coordinates. Then, equation
(47) leads to
f(θ) = √gφφ,
(
h′(θ)
)2 = gθθ − (∂θ√gφφ)2 . (50)
Not all the riemannian surfaces can be embedded isometrically in E3. For instance, from the second
equation in (50) we obtain a necessary condition for the existence of the isometric embedding of our
surface, which is
1 ≤ gθθ(
∂θ
√
gφφ
)2 = 1cos2 θ
(
ν2 + cos2 θ
ν2 + 1
)4
. (51)
Unfortunately, with standard arguments one can easily check that such condition is not satisfied for all ν
and θ. For instance, the ultra spinning regime in d ≥ 5 lies in 0 < ν < 1 and in such range of parameters
the right hand side of (51) is smaller than one for an interval of θ within (0, pi/2), so the surface can not be
fully embedded. However, for slowly rotating black holes with ν  1 the right hand side becomes 1/ cos2 θ
so the surface can be fully embedded in that case. Then, one can integrate (50) in such limit and observe
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the small deformation of the black hole around staticity as its angular momenta increases. Here, however,
we are interested in the ultra spinning regimes and we have seen that this embedding does not work in
such case. Nevertheless, in an act of stubbornness one can still find ways of representing isometrically the
deformation of the black hole in the ultra spinning regime, and actually in all the range of ν. Instead of
the surface (48), consider just the curves φ = φ0, with 0 < θ < pi/2. Their geometry reads
ds2H,φ0 =
(
r2H + a2 cos2 θ
)
dθ2, (52)
and now the idea is to isometrically embed this curve in E2 as described above. Using standard euclidean
coordinates (x, y) in E2, the analogue of equation (47) now leads to
(
dx
dθ
)2
+
(
dy
dθ
)2
= r2H + a2 cos2 θ, (53)
which is solved by
x = a sin θ, y = rH
(
pi
2 − θ
)
. (54)
A plot of the isometric embedding (54) for different values of ν in d = 5 and d = 6 is given in Figure (3).
We see in such curves how the black hole is spread along the plane of rotation as its spin increases, i.e. as
ν → 0.
Figure 3: Isometric embedding (54) in d = 5 (black) and d = 6 (grey). In both cases, we represent curves belonging
to horizons with areas aH = 1.5, 1.0, 0.5. The corresponding values of ν are ν = 0.63, 0.38, 0.18 in d = 5,
and ν = 0.7, 0.33, 0.11 in d = 6. The flatter is the curve, the lower are ν and aH .
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Here a word must be said about this result. Although this is an isometric embedding and, hence, it
reproduces exactly the geometry of the curves of the horizon, the plots in Figure (3) can not be regarded
as isometric cross sections of the surface (48): for instance, when considering the static limit a→ 0 the
embedded curve (54) becomes a straight line instead of a quarter of a circle, and Figure (3) exhibits a
peak in the north pole of the horizon but we know that the axis of rotation of the black hole is smooth
and has no conical singularities. This is a consequence of the fact that, in general, there is no unique way
of embedding a curve isometrically in euclidean space10. Obtaining an embedding corresponding to an
isometric cross section of the surface implies solving the problem of embedding the whole surface, and
above we have seen that in our case such task is pathological.
3.2.3 The membrane limit and the ultra-spinning Kerr bound
Consider a single spin MP black hole in d ≥ 6. We have seen that for large a, the black hole is spread to
infinity along the rotation plane. Therefore, it is interesting to see up to what point an ultra-spinning
black hole behaves like an extended black object, such as a black membrane. Here we follow [23] to define
a limit geometry for (28) in the infinitely fast rotation regime. We want such limit geometry to contain a
black hole, so the limit has to be taken in such a way that an horizon remains present. Looking at (38),
we see that rH is kept finite when a → ∞ if µ → ∞ in such a way that i) µˆ = µ/a2 remains finite. If
taking into account i) we look at gtϕ in (28), we see that gtϕ = −a µˆrd−5 cos2 θ sin2 θ. This becomes infinitely
large for a → ∞ unless we focus on the central region of the horizon around θ = 0. Hence, the second
condition for our limit is that θ → 0 as a→∞ in such a way that ii) the new coordinate σ := a sin θ is
kept finite. Conditions i) and ii) fully determine our limit. Before taking it, it is instructive to perform an
expansion of (28) in powers of the infinitesimal factors ra and
σ
a ,
gtt = −
(
1 + µˆ
rd−5
)
+O
(
r2
a2
)
+O
(
σ2
a2
)
(55)
grr =
1
1− µˆ
rd−5
+O
(
r2
a2
)
+O
(
σ2
a2
)
gtϕ =
−µˆσ
rd−5
σ
a
+O
(
σ2
a2
)
= O
(
σ
a
)
gϕϕ = σ2 +O
(
r2
a2
)
+O
(
σ2
a2
)
gσσ =
gθθ
a2 cos2 θ = 1 +O
(
r2
a2
)
+O
(
r2
a2
σ2
a2
)
10For example, a curve of constant φ and 0 < θ < pi of a unit round 2-sphere can be embedded in E2 as a straight line but
also as a semicircle.
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In our limit the terms of which we only specify the order in r/a and σ/a are identically zero so the
geometry becomes
ds2lim = −
(
1− µˆ
rd−5
)
dt2 + dr
2
1− µˆ
rd−5
+ r2dΩ2d−4 + dσ2 + σ2dϕ2, (56)
which is the black membrane11 Schd−2 × R2. Notice that, in this limit, rotation is not perceivable.
Heuristically, the existence of the limit (56) suggests that the infinitely fast rotating MP black holes are
pancaked along the plane in which the Sd−2 horizon rotates, until it breaks in that direction adopting the
black hole topology Sd−4 × R2.
Finally, although (56) has been obtained as a limit of infinite rotation, the detailed expansion in (55)
reveals that it gives a good approximation of the geometry in the region around θ = 0 and close to the
horizon of fast, but finitely rotating black holes. Indeed, take a very large but finite. Then, from (38)
we know that rH/a  1, so in the region in which r is close to rH the terms O(r2/a2) in (55) remain
small. If, in addition, we focus on the region around θ = 0, so that σ  a, then also the terms O(σ/a)
and O(σ2/a2) remain small. Therefore, close to the horizon in the region around the rotation axis of a
finitely ultra-spinning black hole, the membrane (56) approximates accurately the spacetime geometry.
We have seen that such ultra-spinning black holes become largely spread along the plane of rotation, while
the transverse spheres shrink, and furthermore the near horizon geometry resembles that of a black string.
This suggests that ultra-spinning black holes might be unstable against GL-like perturbations. One can
regard such possible instability as a natural Kerr bound for ultra-spinning black holes.
3.3 MP Black Holes with multiple spins
In this section, we study the rotation dynamics of the general MP black hole solutions. Now, in addition
to the ultra-spinning regimes discovered above, we will have the possibility of considering different spin
configurations.
3.3.1 Ultra-spinning regimes and phase spaces
The MP solutions are fully determined by N + 1 parameters. For a given mass which, in our conventions,
sets the scale of the rest of magnitudes, the parameter space in which the solution lives is (j1, ..., jN ). The
aim of this section is to study in which region of such space the MP solutions are physical (in the sense
they do not have naked singularities) and exhibit a regular event horizon. That is, we want to obtain the
phase space of the solution.
11’Schd’ means Schwarzschild-Tangherlini in d dimensions.
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The first step is to determine where is the horizon located. The metrics (21) and (22) are singular
where
i) ΠFr−γ = 0, ii) Π− µrγ = 0, (57)
being γ = 2 or 1 for d odd or even, respectively. Studying the analytical prolongation of (21) and (22),
one can see that i) corresponds to physical curvature singularities, while ii) is satisfied along an event
horizon [17, 25]. Therefore, in order to construct the phase diagram we are mainly concerned with the
solutions to the latter equation. For its study, it is convenient to define the polinomial
P(γ)(r) := Π− µrγ , (58)
which has degree 2N (see (23)), and γ works as before. Solving ii) in (57) explicitly is not possible in
general. Hence, in both cases γ = 1 and 2 we will deduce first some general results, and then specify spin
configurations in which the presence of a regular horizon is guaranteed.
Let us first consider the case d even. The first general property is that the mass parameter must satisfy
µ > 0: since singularities appear at r = 0, we need a solution in r > 0 in order to avoid naked singularities.
Given that the polynomial Π and its derivative are everywhere non negative and monotonically increasing
in r, it will only intersect the straight line µr if µ > 0. Notice this is only a necessary condition for having
a physical solution. Secondly, we have that there are 0, 1 or 2 horizons: this can be seen first by checking
that P(γ) has exactly one minimum for both γ = 1, 2. Furthermore, P(γ) grows as r2N for large r. A
curve of this characteristics can only intersect a line of zero slope (and, in particular, vanish) at 0, 1
or 2 points. Let us now consider the particular configurations in which a regular horizon is guaranteed.
Consider the spin configuration in which m spins vanish with m ≥ 1. Then there is always a regular
horizon regardless of the value of the rest of the spins: this is immediately seen writing P(1)(r) for small r
in this configuration12,
P(1)(r) ≈ r2m
 N∏
i=m+1
a2i
− µr (59)
which is negative for small enough r if m ≥ 1. Since at the same time P(1) is positive and large for large r,
it must vanish necessarily at some r > 0. In particular, this implies that if one or more of the spins vanish,
then the rest can be arbitrarily large. That is, the existence of (multiple spin) ultra-spinning MP black
holes for even d is guaranteed provided that at least one spin is exactly zero.
Consider now the case of odd d. With a similar arguments as those given above, one finds that a
general necessary condition for having a regular horizon is µ >∑Nj ∏i 6=j a2i . This comes from requiring
that the r2 coefficient of P(2) must be negative. Otherwise it would never vanish. Again, in general
there will be 0, 1 or 2 horizons as we proved above also for the present case of odd d. Now, however, the
12We can assume wlog that the spins that vanish are the m first ones.
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particular configuration in which the presence of an horizon is guaranteed changes with respect to the
case d even. Consider the spin configuration in which m spins vanish with m ≥ 2. Then there is always a
regular horizon regardless of the value of the rest of the spins: again writing P(2) close to zero, we have
P(2)(r) ≈ r2m
 N∏
i=m+1
a2i
− µr2 (60)
which is negative for small enough r if m ≥ 2 (and hence must vanish at some point since P(2) is positive
and large for large r), regardless of the value of the rest of the spins. For m = 1 it is not guaranteed
that P(2) becomes negative for small enough r, and that will depend on the value of the rest of angular
momenta. Hence, the existence of (multiple spin) ultra-spinning MP black holes for odd d is guaranteed
provided that at least two spins strictly vanish.
With this results we can proceed to obtain the phase space for the 2-spin MP black holes in d = 5 and
d = 6. Since these are some of the simplest multiple spin solutions, the phase spaces are easily found and
they exhibit in a neat way the general behaviour predicted above about the ultra-spinning configurations.
For d = 5, equation ii) in (57) reads
r4 +
(
a21 + a22 − µ
)
r2 + a21a22 = 0. (61)
The boundaries of the phase space in the parameter space (j1, j2) will be defined by the extremal curves in
which the quadratic equation (61) admits only one (degenerate) positive solution for r2. Beyond that line,
no such solution for r2 exists and, consequently, no horizon is present. Imposing a vanishing discriminant
one has (
µ−
(
a21 + a22
))2 − 4a21a22 = 0→ √µ = |a1|+ |a2|
where we have used the condition µ >∑Nj ∏i 6=j a2i . Going through the respective definitions, one finds
|ai| =
√
8GM
3pi |j|, µ =
8
3piGM (62)
so the extremal curves in the parameter space (j1, j2) are defined by
1 = |j1|+ |j2|. (63)
This defines the contour of a diamond (see Figure (4)). The interior of the diamond corresponds to solutions
with a non degenerate regular horizon. Along the extremal lines (63) excluding the corners we have
degenerate regular horizons (extremal black holes). The corners correspond to non regular horizons [16,17].
Notice that for d = 5 there is no spin configuration allowing for an ultra- spinning regime: both j1 and j2
are always bounded.
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Figure 4: Phase space for the 2-spin MP black hole in d = 5 (right) and d = 6 (left).
For the 2-spin case in d = 6 a bit more of work is required but the spirit is the same. The equation
determining the position of the horizon reads
Π− µr = 0→ r4 + (a21 + a22)r2 + a21a22 = µr. (64)
The function of the LHS and its derivative are monotonically increasing polynomials, and the RHS is a
straight line of slope µ. These curves can intersect at, at most, two points. The extremal curve in (j1, j2)
of degenerate horizons is obtained by imposing that there is only one positive solution for r in (64). This
can be done by requiring that the curves in the LHS and RHS of (64) are also tangent in the intersection
point, i.e. their derivatives are equal. With this extra condition, coffee and a bit of patience, one can solve
a1(ν) and a2(ν), being ν = rH/µd−3. Then going through the respective definitions in (12),
|j1| =
(
pi
4
√
3
) 1
3
√
1− 4ν3 ±√1− 16ν3
4ν , |j2| =
(
pi
4
√
3
) 1
3
√
1− 4ν3 ∓√1− 16ν3
4ν (65)
where the interior root requires 0 < ν < 2−4/3. As can be seen in Figure (4), j1 and j2 can be arbitrarily
large provided j2 and j1 are arbitrarily small, respectively. This is precisely what was predicted above for
the general case of even d.
3.3.2 Symmetry enhancement
Finally, here we briefly review the isometries exhibited by the MP solutions, particularly the feature
of symmetry enhancement. The metrics (21) and (22) have manifest commuting isometries generated
by ∂t and ∂φi . The former one-parameter sub group of isometries is isomorphic to (R,+), while those
generated by each ∂φi are isomorphic to U(1). Since all commute with each other they give rise to a
group of isometries R× U(1)N . For generic values of the parameters, this is the full isometry group of
the spacetime up to discrete symmetries, such as the usual time reversal for rotating spacetimes t→ −t,
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φi → −φi for all i. However for special configurations of the parameters, new symmetries arise and the
isometry group is therefore enhanced. Roughly speaking, switching off spins introduce rotation factors
SO in the isometry group, while synchronising spins (i.e. making them equal) introduces a new kind of
symmetry, corresponding to combinations of rotations within planes living in the ’spin-degenerate space’.
Let us discuss first the case of vanishing spins. Take, for instance, the case in which all spins vanish
but one. Then the metric becomes (28) which exhibits a manifest symmetry group R× U(1)× SO(d− 3).
More generally, switching off m spins with d odd (even) leaves 2m (2m+ 1) coordinates in which we can
define spherical coordinates and get round spherical factors of dimension 2m− 1 (2m) in the metric, which
contain the isometry groups SO(2m) (SO(2m+ 1)) [26]. Summing up, when m spins vanish the isometry
group is enhanced as
R× U(1)N →

R× U(1)(N−m) × SO(2m) d odd
R× U(1)(N−m) × SO(2m+ 1) d even
. (66)
Notice that, since SO(n) has as Cartan subgroup U(1)bnc, (66) is indeed an enhancement of symmetry and
not a symmetry breaking process. To some extent, this is not very surprising since for all spins vanishing
one recovers Schwarzschild-Tangherlini. In this sense, (66) simply reflects the convergence of the MP black
hole to the static, spherically symmetric case.
Perhaps less familiar is what happens whenm spins synchronise. Consider (21) in d = 5 and synchronise
the spins, a1 = a2 := a. Pairing the spatial coordinates in planes of rotation as usual, (xi, yi) with i = 1, 2,
the metric can be written as
ds2 =− dt2 + (r
2 + a2)
r2
(
dx1
2 + dy12 + dx22 + dy22 − dr2
)
+ ΠFΠ− µr2dr
2+ (67)
+ µr
2
ΠF
(
dt− a
r2
(
−y1dx1 + x1dy1 − y2dx2 + x2dy2
))2
.
The first line is manifestly symmetric under rotations within any 2-plane defined in the ’spin-degenerate’
space (x1, y1, x2, y2). The second line, however, is only manifestly symmetric for rotations within the
original planes (x1, y1) and (x2, y2). A rotation within any of the 6 orthogonal planes defined by all
possible pairings of (x1, y1, x2, y2) is generated by the vector field
`ab = a∂b − b∂a (68)
where a and b can be any of the xi and yi. As we said, (67) is manifestly invariant only for a = xi and
b = yi for any i, but not for the more general case `ab. In fact, `ab is not a Killing field in general, but with
the metric written as in (67) it is easy to check that combing simultaneous rotations within the 2-planes
(x1, x2) and (y1, y2) or within (x1, y2) and (x2, y1) the metric is left invariant. The Killing fields generating
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such rotations are [27]
ξij = `xixj + `yiyj , ρij = `xiyj + `xjyi . (69)
Notice that these Killing fields also generate the original U(1) symmetries, as 12ρii generate the rotations
within the original 2-planes. The rotations generated by (69) between (and within) 2-planes form a group
which is isomorphic to U(2). This can be seen, for instance, defining complex coordinates z1 = x1 + iy1,
z2 = x2 + iy2 and writing such ’rotations’ as 2× 2 complex matrices. This result is completely general [26]:
if m spins synchronise, then the original abelian symmetry factor U(1)m is enhanced to U(m), which is
non abelian. In conclusion, with m spins synchronised the symmetry enhancement reads
R× U(1)N → R× U(1)(N−m) × U(m) d odd and even. (70)
Combinations of switching off some spins while synchronising others produce a symmetry enhancement
that is obtained from combining (66) and (70) in the natural way [26]. It is particularly interesting the
fact that, for the maximally synchronised case of N spins equal, the solution becomes of cohomogeneity-1,
which means that it only depends in one coordinate [26,27].
4 New shapes: Black Rings
In four dimensional spacetimes, Hawking’s theorem shows that the topology of cross sections of the event
horizon must be S2 [11,13]. Nevertheless, in d > 4 this result does not apply and one can give heuristic
arguments to understand its failure. From our work above, we already know that in higher dimensions
black holes can be extended objects, and their rotation dynamics admit ultra-spinning regimes. Now take
a black string B ×R (where B is any vacuum black hole solution), and bend the extended dimension of the
horizon until turning it into an S1. In this case the collapse of the ring is not stabilised by the topology as
in the case of a black string B × S1. However, the existence of ultra-spinning regimes suggest that it might
be possible to balance the self-atraction with the centrifugal force due to fast rotation in the plane of the
ring. That is, now the ring would be stabilised by the rotation dynamics rather than the topology. For
the moment this is only a naive construction and one could think that other black hole shapes might be
possible. However, the generalisation of Hawking’s theorem to higher dimensions in [28] still sets some
constraints on the horizon topology, so not everything that we can construct with heuristic reasoning
might exist.
The first exact realisation of the kind of solutions predicted above came from the work of Emparan and
Reall in [29], where they obtain a black ring in five dimensions: a stationary, asymptotically flat black hole
solution whose horizon topology is S1 × S2. Furthermore, its rotation dynamics is in perfect agreement
with our heuristic and naive reasoning given above. This final section is devoted to presenting such solution,
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focusing particularly on its rotation dynamics. The discussion on black rings closes the argumental line of
this work, as they provide an example of how the combination of two phenomena, namely extended black
objects and new rotation dynamics of black holes, give rise to solutions with different horizon topologies
and many other features that have no four dimensional counterpart.
4.1 Ring coordinates
A solution with horizon topology S1 × S2 is significantly different than those we have seen in four and
higher dimensions so far. It is then convenient to construct new sets of coordinates that are naturally
adapted to the ring and gain intuition with them. One way of doing so is by solving a problem for a field
of an appropriate kind in flat space being sourced by a distribution of charge similar to the shape of the
black hole that we expect, in our case, a ring. Hence, first of all consider flat space in d = 5 dimensions,
and choose the usual coordinates (t, r1, φ, r2, ψ) in which
ds2 = −dt2 + dr21 + r21dφ2 + dr22 + r22dψ2. (71)
Since we want coordinates adapted to a black ring, it is sensitive to choose a source placed at
r1 = 0, r2 = R, 0 ≤ ψ < 2pi, (72)
which corresponds to a ring lying in the axis of rotation around φ: the plane mapped by (r2, ψ) at r1 = 0.
It turns out [30, 31] that for the black ring the appropriate field is a 2-form potential Bµν and its dual
1-form potential Aµ, related via ?dB = dA, which behave according to the equations (outside the ring
source)
∂µ
(√−g (dB)µνρ) = 0. (73)
Given the form of the source (72), it is natural to look for solutions symmetric under the action of ∂t, ∂φ
and ∂ψ. In such case, surfaces of constant Btψ will be orthogonal to surfaces of constant Aφ. The solutions
for each component Btψ and Aφ read
Btψ = −12
(
1− R
2 + r21 + r22
Σ
)
, Aφ = −12
(
1 + R
2 − r21 − r22
Σ
)
, (74)
Σ =
√(
r21 + r22 +R2
)2 − 4R2r22.
Now we can define coordinates x and y corresponding to surfaces of constant Aφ and constant Btψ,
respectively, as
x = R
2 − r21 − r22
Σ , y = −
R2 + r21 + r22
Σ (75)
with inverse
r1 = R
√
1− x2
x− y , r2 = R
√
y2 − 1
x− y . (76)
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Figure 5: Curves of constant x (light green) and constant y (dark green) in the (r1, r2) plane.
Curves of constant x and y in the (r1, r2) plane are shown in Figure(5). The metric of flat spacetime in
coordinates (t, x, y, φ, ψ) reads
ds2 = −dt2 + R
2
(x− y)2
[(
y2 − 1
)
dψ2 + dy
2
y2 − 1 +
dx2
1− x2 +
(
1− x2
)
dφ2
]
. (77)
In order to interpret x and y notice the following observations:
• Looking at (76) we see that the ranges go as −∞ < y ≤ −1, −1 ≤ x ≤ 1.
• We have that gψψ = 0 at y = −1. Hence, the axis of rotation around ψ lies at y = −1 and is mapped
by (x, φ). Notice that looking at (76) we see that, indeed, y = −1 corresponds to r2 = 0. For the
angular coordinate φ we have gφφ = 0 (and also r1 = 0) at x = 1 and x = −1. Consequently, the
axis of rotation around φ has two connected components and each of them is mapped by (y, ψ). The
component of the axis at x = 1 has r2 < R for all (y, ψ), so it corresponds to the (open) inner disc
in the plane of the ring. The component at x = −1, however, satisfies r2 > R for all (y, ψ) so it
corresponds to the complement of the (closure of the) inner disc in the plane of the ring.
• Infinity lies at y = x but according to the ranges of each coordinate this only happens for y = x = −1.
• The source lies at y → −∞ where r1 = 0 and r2 = R.
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Finally, notice that moving within surfaces y = constant along integral curves of ∂x corresponds to
moving around the source, since starting at x = 1 and finishing at x = −1 one goes from r2 < R to r2 > R,
respectively, without intersecting the source (see Figure(5)). From this one expects that the horizon of the
black ring will lie at some y = yH . As we will see in the next section, this is indeed the case.
Before presenting the black ring solution, we introduce one last set of coordinates that make manifest
the horizon topology and that are particularly convenient to study the near horizon geometry of thin black
rings. Define the coordinates
r = −R
y
, x = cos θ (78)
with ranges 0 ≤ r ≤ R and 0 ≤ θ ≤ pi, in which the metric takes the form
ds2 = −dt2 + 1(
1 + r cos θR
)2
[(
1− r
2
R2
)
R2dψ2 + dr
2
1− r2
R2
+ r2
(
dθ2 + sin2 θdφ2
)]
. (79)
Now the axis of rotation of the ring at r2 = 0 corresponds to the coordinate singularity at r = R. Infinity
is at r = R, θ = pi and the source lies at r = 0. The horizon will lie at some r = rH . Finally, notice
that in these coordinates the topology of (spatial cross sections of) surfaces of constant r is manifestly
S1 × S2. The coordinates (78) will be appropriate for the near-horizon geometry of thin black rings, i.e.
rings satisfying rH/R 1. This is so because focusing on the region r/R 1 and expanding (79) to first
non trivial order, the metric reads
ds2 = −dt2 +R2dψ2 + dr2 + r2
(
dθ2 + sin2 θdφ2
)
(80)
so r and θ recover their usual interpretation as the area radius and axial angle of the 2-spheres of constant
r and ψ.
4.2 A Black Ring with one angular momenta Jψ
Here we study a black ring that exhibits rotation in the plane of the ring. We focus mainly on the rotation
dynamics, as well as some limit geometries that give a precise notion of the heuristic reasonings given
above regarding the compensation of gravitational collapse via centrifugal force.
4.2.1 General properties
After the discussion on the coordinates (x, y) above, we are now ready to read properly the black ring
solution in one of its most convenient forms [37],
ds2 =− F (y)
F (x)
(
dt− CR1 + y
F (y) dψ
)2
+ (81)
+ R
2
(x− y)2F (x)
[
−G(y)
F (y)dψ
2 − dy
2
G(y) +
dx2
G(x) +
G(x)
F (x)dφ
2
]
.
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where
F (ξ) = 1 + λξ, G(ξ) = (1− ξ2) (1 + νξ) , (82)
C =
√
λ(λ− ν)1 + λ1− λ
and to guarantee that C ∈ R the range of the dimensionless parameters ν, λ must satisfy
0 < ν ≤ λ < 1. (83)
Switching off λ and ν, this solution becomes exactly (77). Consequently, we can regard (81) just as (77)
but allowing F (ξ) and G(ξ) to depart from their flat form (which is recovered for λ = ν = 0) due to the
presence of curvature. Such curvature approaches zero as x, y → −1 which corresponds to infinity. The
ranges of the coordinates x and y that are connected to infinity and in which the metric (81) is regular are
− 1 < x < 1, −1/ν < y < −1. (84)
In what follows we will see that x = ±1 and y = −1 correspond to either coordinate or conical singularities,
while y = −1/ν is a mere coordinate singularity corresponding to the event horizon13. The presence of
the term ∼ dtdψ in (81) indicates rotation around ψ. There is another immediate observation about
this solution, based again on primitive physical intuition: for a given mass and radius of the black ring,
one expects the dynamics to fix the angular momenta required to compensate the gravitational collapse.
According to this, the black ring (81) should belong to a 2-parameter family of solutions rather than living
in a 3-parameter space (R, λ, ν). A slightly more accurate inspection of (81) gives a beautiful solution
to this apparent contradiction with our physical intuition. The answer lies in the periods of the angular
coordinates φ and ψ, which have not been specified so far. Let us see how this works. The fact that G(ξ)
vanishes both at ξ = 1 and ξ = −1 indicates the presence of an axis of rotation around ψ at y = −1, and
around φ with two connected components one at x = −1 and the other at x = 1. Following an analogous
reasoning to that performed for flat space above, we learn that the axis at y = −1 is the axis of rotation
of the ring, while x = 1 and x = −1 correspond respectively to the positions of the inner and outer
components (meaning r2 < R and r2 > R for r2 a function given by (76)) of the axis of rotation of the
2-spheres of constant r (as defined in (78)) and ψ. Let us see if there are angular defects or excesses along
each axis. Writing the metric (81) close to the (spatial sections of the) axis of the ring lying at y = −1,
one has
ds2 = R
2
(x+ 1)2F (x)
[
−G
′(−1)(y + 1)
F (−1) dψ
2 − dy
2
G′(−1)(y + 1) +
dx2
G(x) +
G(x)
F (x)dφ
2
]
. (85)
13In this sense, requiring −1/ν < y < −1 is analogous to requiring 2M < r < ∞ in the Schwarzschild black hole when
written in Schwarzschild coordinates.
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Performing a coordinate transformation14
y = −1 + αρβ α, β ∈ R (86)
and choosing α = −G′(−1)/4 and β = 2, the metric becomes
ds2 = R
2
(x+ 1)2F (x)
[
G′(−1)2
4F (−1) ρ
2dψ2 + dρ2 + dx
2
G(x) +
G(x)
F (x)dφ
2
]
. (87)
At each point along the axis the last two terms in (87) are regular (with the exceptions of x = ±1 that we
will consider later), and the first two are conformal to E2 if the angular coordinate
ψ˜ = |G
′(−1)|
2
√
F (−1)ψ =
1− ν√
1− λψ (88)
is canonically identified, that is, ψ˜ ∼ ψ˜ + 2pi. In turn, this means that the original ring angle ψ must have
period
ψ ∼ ψ + 2pi
√
1− λ
1− ν (89)
in order to avoid conical singularities. The analogue analysis for the outer component of the axis of the
2-spheres, lying at x = −1, gives that with the same identification for φ,
φ ∼ φ+ 2pi
√
1− λ
1− ν , (90)
there are no angular defects/excesses along such axis. Notice that imposing simultaneously (89) and (90)
implies that no conical singularities are present at infinity, which lies at x = y = −1. However, when
considering the inner axis at x = 1 one finds that
φ˜ = |G
′(1)|
2
√
F (1)
φ = 1 + ν√
1 + λ
φ (91)
must be canonically identified to avoid angular defects/excesses along such axis. The corresponding period
for φ is
φ ∼ φ+ 2pi
√
1 + λ
1 + ν (92)
which for generic values of λ and ν is different from the period in (90). Only if
λ = 2ν1 + ν2 (93)
will those periods coincide. Summing up, no conical singularities will be present along any of the axes
(including their intersection points at the centre of the ring and at infinity) if (93) holds and (ψ, φ) are
identified as in (89) and (90), respectively. If then we drop (93), we will have regularity at infinity, but a
14I am grateful to my supervisor Dr.Santos for clarifications on this point.
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conical singularity will be present along the inner component of the axis of the 2-spheres. The constraint
(93) eliminates one parameter in (81) making the solution fully specified with only two parameters,
according to our initial intuition. As we will see in the following sections, conical singularities correspond
to the presence of certain tensions along the ring: an angular defect makes the ring "shorter" so a tension
is required to make static such configuration. Antagonically, an angular excess makes the ring "larger" so
some pressure (negative tension) is required to keep the ring in that larger shape. Not by chance, the
reader might find in this certain reminiscence of Newtonian mechanics. We will make this resemblance
precise in the following sections.
Let us now discuss the pathologies in the metric components of (81) 15. In what follows, we do not
impose (93), unless stated otherwise. At y = −1/λ the function F (y) vanishes, but both the metric and
its inverse are smooth [30]. Actually, a more careful observation reveals that
(∂t)2 = −F (y)
F (x) −−−−→y→− 1
λ
0. (94)
That is, y = −1/λ is an ergosurface: stationary observers following integral curves of ∂t become space like
when crossing y = −1/λ inwards. At y = −1/ν, G(y) vanishes so gyy diverges. Nevertheless, following the
usual procedure to define the (analogue of the) Eddington-Finkelstein coordinates in which ∂y is null,
dt = dv − CR 1 + y
G(y)
√−F (y)dy, dψ = dψ′ +
√−F (y)
G(y) dy (95)
the metric becomes
ds2 = −F (y)
F (x)
(
dv − CR1 + y
F (y) dψ
′
)2
+ R
2
(x− y)2F (x)
[
−G(y)
F (y)dψ
′2 + 2 dψ
′dy√−F (y) + dx
2
G(x) +
G(x)
F (x)dφ
2
]
(96)
which is regular at y = −1/ν [29]. Indeed, dy becomes null as y → −1/ν, so that the hyper surfaces of
y = constant become null at y = −1/ν. This, in turn, indicates that y = −1/ν is the event horizon of the
black ring [29]. Such horizon hides a curvature singularity at y → −∞ where RµνσρRµνσρ diverges [30].
The event horizon is also a Killing horizon, and as one would expect for a rotating black hole, its normal
is not the Killing field defining stationarity at infinity, ∂t. In order to obtain the Killing field for which
y = −1/ν is a Killing horizon, we can first compute the angular velocity of the black hole. This can
be easily obtained by computing the angular velocity16of the observers "locally at rest", with tangent
ua = dta/
√
|dtbdtb|, close to the horizon (see, e.g. [10]). The angular velocity of the horizon is then given
by
ΩH = lim
y→yh
uψ˜
ut
= lim
y→yh
− gtψ˜
gψ˜ψ˜
= 1
R
√
λ− ν
λ(λ+ 1) (97)
15In this study of general properties, we are only going to compute explicitly the magnitudes related to the rotation of the
ring, as these are the ones we will use later. For the other results that we only cite here, we will refer the reader essentially
to [29] and [30]
16The angular velocity is wrt stationary observers at infinity, i.e. dψ˜/dt = uψ˜/ut.
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where in the second equality we have used that u · ∂ψ˜ = 0. Indeed, trying with the Killing field
V = ∂t + ΩH∂ψ˜ (98)
one can check via standard calculations that on the horizon Va is proportional to (dy)a [29]. This confirms
that (97) is the angular velocity of the black hole.
For completeness of this section and preparing what will be done in the next ones, now we shall present
the black ring in the more intuitive coordinates (r, θ), as defined in (78). First, in order to interpret ν and
λ it is convenient to rewrite them in terms of two new parameters (rH , σ),
ν = rH
R
, λ = rH cosh
2 σ
R
. (99)
Looking at (78), we see that rH = Rν is precisely the position of the horizon. From this we learn that ν is
a shape parameter measuring (approximately) the ratio between the radius of the 2-spheres of the horizon
and the radius of the ring. The interpretation of σ will become clear in the next sections. In the chart
(r, θ) and in terms of the new parameters (rH , σ), the metric reads [30]
ds2 =− fˆ
gˆ
dt− rH sinh σ cosh σ
√
R+ rH cosh2 σ
R− rH cosh2 σ
r
R − 1
rfˆ
Rdψ
2 + (100)
+ gˆ(
1 + r cos θR
)2
f
fˆ
(
1− r
2
R2
)
R2dψ2 + dr
2(
1− r2
R2
)
f
+ r
2
g
dθ2 + g
gˆ
r2 sin2 θdφ2

with
f = 1− rH
r
, fˆ = 1− rH cosh
2 σ
r
(101)
and
g = 1 + rH
R
cos θ, gˆ = 1 + rH cosh
2 σ
R
cos θ. (102)
As a final remark, notice that in this chart both the horizon at r = rH and the ergosurface at r = rH cosh2 σ
exhibit manifest ring topology S1 × S2.
4.3 Black Hole non-uniqueness in d = 5
The family of solutions (81) breaks explicitly black hole uniqueness in d = 5. That is, it constitutes an
explicit example that stationary U(1)2-symmetric vacuum black holes in d = 5 are not uniquely specified
by their mass and angular momenta. This was first noticed by the same authors who obtained the black
ring solution [29], and constitutes one of the main consequences of their discovery. This added to the
existence of MP black holes gives a triple degeneracy of solutions in certain region of the (one-dimensional)
phase space of single spinning black holes in five dimensions. A neat way of seeing this is by comparing
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Figure 6: Curve aH(j) for MP (black) and black rings (gray).
the relation between the horizon area and the angular momenta of both the black ring and the single
spinning MP black hole. This comparison was shown for the first time in [32].
In the previous section we obtained the curve aH(j) for the five dimensional, single spinning MP black
hole. In a similar way one can obtain the corresponding curve for black rings. First, by writing the solution
(81) in terms of the angles (ψ˜, φ˜) and studying the asymptotic field one identifies the mass and the angular
momenta just as how we did in the MP black hole [30],
M = 3piR
2
4G
λ
1− ν , J =
piR3
2G
√
λ(λ− ν)(λ+ 1)
(1− ν)2 . (103)
Computing the area of (spatial cross sections of) surfaces of constant y in (81) and making y → −1/ν, one
gets
AH = 8pi2R3 ν
3/2√λ(1− λ2)
(1− ν)2(1 + ν) . (104)
All these magnitudes depend on both parameters λ and ν, but in the previous section we found that
at equilibrium (i.e. in absence of external tensions along the ring) such parameters are related via (93).
We are interested in studying solutions at equilibrium so we can use such relation to eliminate one of
the parameters. Since ν has a clear interpretation as a shape parameter controlling the thickness of the
ring, the convenient choice is to eliminate λ. Then, using the mass to fix the scale and going through the
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definitions one obtains the curve aH(j) for the black ring in parametric form
aH = 2
√
ν(1− ν), j =
√
(1 + ν)3
8ν , (105)
where recall that, from (83), 0 < ν < 1. A comparison of aH(j) for the black ring and the MP black hole
is shown in Figure(6). Notice the following three main observations: first, the cusp in Figure(6) of the
black ring curve indicates the existence of two families of solutions, a thin ring family corresponding to
the range 0 < ν < 1/2, and a plump ring family lying in 1/2 < ν < 1. Secondly, between j =
√
27/32 and
j = 1, i.e. in the range of existence of the plump family of rings, we have a triple degeneracy of black hole
solutions. In other words, in that region of j black hole uniqueness in d = 5 is broken explicitly. Since
the topology S1 × S2 is also degenerated in √27/32 < j < 1, we learn that the horizon topology does
not determine uniquely black holes in d = 5 either. Finally, notice that the plump branch meets the MP
curve in the extremal point (j = 1, aH = 0). This suggests that black rings and MP black holes might be
connected in some way. We will come back to this point in the following sections.
4.4 Black Rings from Black Strings
At the very beginning of this chapter, we gave some naive arguments that pointed towards the existence
of black holes with the topology of a ring in d > 4. The core of the reasoning is the heuristic idea that
extended black objects with ’contractible’ dimensions should be able to compensate their collapse by
rotating fast enough, as we have seen that in d > 4 rotation is not necessarily limited. The purpose of this
section is to give a precise notion of such idea.
Consider a thin black ring (i.e., a ring for which the radius of the S1 is much larger than that of the
S2) which is rotating in the plane of the ring. Black rings of this kind live in the sector ν  1 of our
solution (81). Now consider a region which is close to the horizon, r ≈ rH . Since the ring is rotating,
and the diametrically opposite points are far from each other one expects that an observer in that region
would perceive the field created by a boosted black string. Let us write the metric of such object. Consider
a straight black string, constructed by performing the product of Schwarzschild-Tangherlini in d − 1
dimensions and the flat real line R with coordinate z′. Now perform a Lorentz boost17 in the direction of
the string,
t′ = t cosh σ − z sinh σ, z′ = z cosh σ − t sinh σ. (106)
17Recall that the velocity of the boost v and the rapidity σ are related by v = tanhσ.
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The metric becomes
ds2 =−
(
1− cosh2 σr
d−4
H
rd−4
)
dt2 − 2r
d−4
H
rd−4
cosh σ sinh σdtdz +
(
1 + sinh2 σr
d−4
H
rd−4
)
dz2+ (107)
+ dr
2(
1− r
d−4
H
rd−4
) + r2dΩd−3.
A boosted circular black string of radius R is obtained by identifying
z ∼ z + 2piR. (108)
In that case it is convenient to introduce a new angular coordinate ψ = z/R which is canonically identified.
Following our reasoning above, the black ring (100) should become (107) in the region around the horizon
r ≈ rH in the limit of a thin ring rH  R. Indeed, by inspection of (100) one can see that in the
limit [30,33]
r, rH , rH cosh2 σ  R, (109)
the metric (107) is recovered for d = 5 after defining z = Rψ (with appropriate identification to avoid
angular defects). In other words, in the limit (109) the black ring becomes a circular boosted black string
with radius R. Such limit corresponds to i) making the black ring very thin as rH/R 1 and ii) focussing
in a region around the ring that is small compared to its radius, r  R (which gives a notion of staying
close to the horizon wrt R, r ≈ rH). This is exactly the expected result, and gives a precise notion of the
heuristic construction of a black ring that we performed above: we can regard a black ring as a boosted
circular black string, in the sense that (81) contains the limit geometry (107). At this point it is interesting
to mention that this kind of reasoning provides a powerful tool to solve Einstein’s equations approximately.
A black ring in d ≥ 6 has still not been found (mainly due to the lack of systematic solution-generating
techniques in that number of dimensions, [16]). However, one can try to obtain an approximate solution by
matching the expected near horizon geometry of thin rings (107) to their expected asymptotic field. This
procedure, generally known as matched asymptotic expansion, was originally used to obtain approximate
black hole solutions localised around a point of a compact extra dimension (typically S1, motivated by
the Kaluza-Klein theory) [34–36]. It is in [19] that this procedure was adapted to the case of thin black
rings with a single angular momenta, corresponding to rotation around the plane of the ring. The near
horizon geometry proposed by the authors is precisely that of a boosted circular black string (107), while
the asymptotic weak field solution is chosen to be that created by a circular distribution of a given mass
and momentum density.
Moving back to our study of the thin black ring limit, now we see that the interpretation of σ in
(99) is manifest: it plays the role of the boost parameter (or rapidity) of the circular black string that
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approximates the near horizon geometry of thin black rings. Let us close this section completing the
interpretation of the limit in (109). The last requirement that remains to be interpreted is
R/rH
cosh2 σ
 1. (110)
Consider a straight black string with horizon at rH that is boosted close to the speed of light, i.e. with
very large |σ| (and consequently very large cosh2 σ). Then (110) tells us that a black ring rotating very
fast resembles a circular boosted black string if it is thin enough. This has a clear heuristic interpretation:
a rotating object produces geometrical effects such as the dragging of inertial frames, and the faster the
rotation is, the more significant these effects become. A fast rotating black ring will only resemble a
boosted black string in a region close to the horizon if the diametrically opposed region is far enough to
make negligible its rotation effects on the geometry of the former region.
All this discussion seems to reveal a close correspondence between our most basic, Newtonian intuition,
and the mechanics of thin rings. One can wonder up to what point is this correspondence precise. The
answer is that the resemblance between the mechanics of thin black rings and Newtonian strings is exact
in some cases. The precise formulation of this rather surprising statement is given in the following section.
4.5 Newtonian Strings and thin Black Rings
In order to study the dynamics of black rings, first we have to define a precise notion of the tension arising
from the presence of conical singularities. Henceforth, assume the identification periods in (89) and (90),
which guarantee asymptotical flatness, but drop the equilibrium condition (93). From the discussion above,
we know that in such case an angular defect/excess will be present along the inner component of the axis
of rotation of the 2-spheres. It is given by
δ = 2pi − 1 + ν√
1 + λ
∆φ = 2pi
1− 1 + ν1− ν
√
1− λ
1 + λ
 . (111)
where ∆φ is the period in (90). The interpretation of this is clear: for generic values of λ and ν the
2-spheres of the horizon suffer from an azimuthal angular defect/excess with respect to the equilibrium
configuration. Consequently, an external tension/pressure along the S1 of the ring is needed in order
to keep static the horizon with the squeezed/dilated 2-spheres, respectively. Regarding the pressure as
negative tension, we follow [37] and define a force per unit length along the ring as18
τ = 216piGδ =
3
8G
1− 1 + ν1− ν
√
1− λ
1 + λ
 . (112)
18The choice of the numerical factor in front of δ/G is motivated by the correspondence to Newtonian mechanics that will
become clear soon.
– 35 –
If there is an angular defect then δ > 0, so there is indeed an external tension τ > 0. On the other
hand, an angular excess requires some external pressure τ < 0 to keep the system static. Finally, if there
are no angular pathologies then δ = 0 and no external forces are needed to keep staticity, as one would
expect at equilibrium. In other words, (112) gives a notion of external tension according to our initial
intuition. The objective now is to understand the dynamics of the thin black rings, i.e. obtain the relation
between the dynamical variables. It is reasonable to expect that the relevant magnitudes for the ring
dynamics are: its proper radius R1, mass M , angular velocity ΩH and the external tension τ . Whereas
for general black rings there is no unique notion of proper radius R1 (one can compute different proper
radius along different choices of θ), in the case of thin rings we can define the proper radius uniquely as
the proper radius of the corresponding circular boosted black string. Explicitly, the proper length of a
curve γ(z) = (t0, rH , θ0, z, φ0), 0 < z < R, in the limit geometry (107) gives
R1 =
1
2pi
∫ R
0
dz
√
|gzz| =
√
1 + sinh2 σR = cosh σR =
√
λ
ν
R. (113)
The rest of dynamical magnitudes in the thin black ring limit (109), in which both ν and λ are very small,
become
M = 3piR
2
4G λ, ΩH =
1
R
√
1− ν
λ
, τ = 38G(λ− 2ν). (114)
Elimination of the unphysical parameters λ, ν and R using the equations (114) gives
MΩ2HR1 = 2piR1τ +
M
R1
. (115)
It is natural to identify the first term in the RHS as the total force exerted along the ring by the external
tension τ , Fτ = 2piR1τ . It is also natural to identify the second term with a string tension, defined as the
energy per unit length T = M/2piR1. We can now write the law of thin black ring mechanics as
MΩ2HR1 = Fτ + 2piT . (116)
One immediately realises that this is exactly the same law that rules the mechanics of Newtonian strings.
This gives a reason of why our initial heuristic arguments were in so good agreement with the results
obtained for thin black rings. The result (116) was first obtained in [37], together with the general study
of black ring mechanics.
4.6 Connecting Black Holes to Black Rings
When studying the curves aH(j) for the MP black hole and the black ring, we found that the plump
branch converges to the MP curve as j goes to 1 from below. This can be regarded as an argument in
favour of a possible connection between the MP and black ring solutions, in the sense that one solution is
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recovered from certain limit of the other. There are also other arguments in favour of such connection.
Computing the inner and outer radius of the horizon in the plane of the ring19 one finds
Ro = R
√
λ(1 + λ)
ν(1− λ) , Ri = R
√
λ
ν
. (117)
When the black ring approaches the end point of the plump family as ν → 1 (and hence λ→ 1), we have
that the outer radius diverges Ro →∞ while the interior radius remains finite Ri → R. This is reminiscent
of what we obtained above for the extremal MP black hole in d = 5: in that case the confinement radius
also diverges when approaching the Kerr bound. If in addition of ν → 1 we require R→ 0 in an appropriate
way, the interior radius vanishes while the exterior one diverges. The ring would be spread along the whole
rotation plane, just as what happens with the extremal MP black hole in d = 5.
Indeed, taking the limit ν → 1, λ → 1 and R → 0 while keeping the angular momenta and mass in
(103) finite, one recovers the single spin MP solution from (81). The coordinate transformation that, in
such limit, brings (81) to the form (28) is given in [30].
5 Final Comment
While it might be possible that in d = 5 we already know all stationary, asymptotically flat solutions with
two abelian U(1) symmetries, the absence of solution generating techniques in d ≥ 6 make such sector of
the theory terra incognita, and only approximate calculations, numerical results and heuristic arguments
have provided some insight. Furthermore, the stability and endpoints of currently known solutions in
d > 4 is still a widely open field, with a very intense research activity. One of the main reasons for the
interest in evolving numerically perturbed solutions in d > 4 is that they have been seen to violate the
weak cosmic censorship conjecture (see, for example, [38] for reasonably recent work). This goes in the line
that, perhaps, in order to understand why gravity is like it is in d = 4, one might study what is different
when d > 4. For these reasons and several others, GR in higher dimensions constitutes a topic of great
interest within the Scientific Community with a large amount of open questions that will certainly provide
exciting research in the following years.
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